ABSTRACT In this paper, a new distributed consensus control algorithm for multiple robotic manipulators is proposed. Comparing with the existing works, this paper studies the consensus problem of multiple robotic manipulators with unknown disturbances, and the consideration of unknown disturbances makes the dynamics model of the robotic manipulator more practical. Moreover, the disturbance observer (DO) is applied to obtain the estimation of unknown disturbance which can improve the robustness and antidisturbance ability of the systems. There are N followers and one leader in multiple robotic manipulators systems and only a few followers can receive the information from the leader. Even if only the local information can be used to design the DO-based consensus control algorithm, the designed algorithm can steer all the followers to keep the same displacement with the leader finally. The consensus ability of the multiple robotic manipulators is proved. Simulation result is given to illustrate the effectiveness of the proposed algorithm.
I. INTRODUCTION
Many biological phenomena on cooperation can be found in nature, such as, the collective motions of animals to seek food, succeed in migration, avoid the danger or to bypass the obstacles [1] , [2] . According to recent research, it can be found that the cooperation behavior in a group of agents is depended on their information communication. For example, in flocking of geese on migration, every goose can only see the motion of its neighbors who are ahead of or beside it. If only the local information from its neighbors can be used to design the controllers, that is, the global information cannot be obtained, then these controllers are distributed. So each agent in distributed control algorithm can only use the local information to adjust its plant to cooperate with the other agents. Furthermore, distributed controllers are the crucial parts of cooperation control algorithms.
Because the cooperation of a group of agents can complete the tasks that a single agent cannot finish, the cooperation control algorithm has been applied in many fields, such as, spacecraft, UAVs, mobile robots, and so on, [3] - [5] .
Due to these widespread applications, the distributed control of multi-agent systems has attracted much attention. Consensus control of multi-agent systems as one branch of the cooperative control has been intensively investigated over the past decade. If all the agents in one group can reach an agreement like the same position, velocity, attitude and rendezvous by using the local information, then the agents are said to reach the consensus. In recent years, a great deal of attention has been paid to the consensus control of multi-agent systems. The average consensus or weightedaverage consensus control problem of first-order and highorder multi-agent systems (MAS) is solved in [6] - [8] . In the average or weighted-average consensus problem, the final consensus states are related to all the initial states of each agent in MAS. In addition, once the initial states are given, the final consensus sates are fixed and cannot be changed. The leader-following consensus problem is considered where the leader can be virtual or practical, and time-varying or timeinvariant [9] - [11] . The final consensus states are required to keep consensus with leader. That is, under the proposed distributed controllers, the states of all the followers should be the same with the leader's. The leader-following consensus control algorithm is fist presented for first-order MAS and then it is extended to the second-order and high-order MAS in [12] - [17] .
With the development of industrial automation, on many occasions, the positions and/or velocities of several manipulators are required to keep the same with a leader's, for example, when a group of manipulators carries a huge objective, the velocities of manipulators are required to be the same, more information to see [18] . Disturbances and uncertainties inevitably exist in manipulators, and they always destroy the performance of manipulators and even bring instability. In order to suppress the disturbances and improve the performances and stability of manipulators, a disturbance observer (i.e. DO) is introduced for single manipulator [19] . DO can reduce the effect of external disturbances without additional sensors [20] . The disturbance observer based control (DOBC) methods have already been applied to solve consensus control problem of MAS with disturbances in several papers [21] - [23] . In [22] , DOBC is used to solve consensus problem of first-order nonlinear MAS. Reference [21] combines the terminal sliding-mode control (SMC) and DOBC method to deal with the consensus problem of high-order MAS with disturbance. Indeed, there
have not yet been amounts of references which discuss disturbance observer based consensus control (DOBCC) for MAS. In addition, there is no reference discussed the DOBCC for multi-manipulator systems with disturbance until now. This paper will apply a DO which has concise form as proposed by [19] to reject the external disturbances, and DOBCC algorithm is designed to steer all the manipulators to keep consensus with a active leader. Differently with [21] , the terminal sliding-mode control is not used here, so the chattering phenomenon will not appear when the manipulator runs.
II. PRELIMINARIES
An undirected graph G = (V, E, A) consists of the nonempty set of nodes V = {1, 2, · · · , N }, the set of undirected edges E = {(i, j), i, j ∈ V, i = j} and the relevant adjacency matrix A = (a ij ) ∈ R N ×N . If and only if the nodes i and j can receive the information from each other, the edge (i, j) exists, i.e. (i, j) ∈ E. The nodes i and j are the neighbors when the edge (i, j) exists. The element a ij of the adjacency matrix A is nonnegative. If (i, j) ∈ E, then a ij = a ji > 0 and if
Obviously, the path between two nodes may be not unique. The undirected graph G is connected if and only if there is a path from each node to each other node in V.
III. PROBLEM STATEMENT
Here we consider N two-link robotic manipulators. Furthermore, we suppose the communication between these N manipulators is described by the undirected graph G. According to [19] , the ith two-link robotic manipulator's dynamics system can be described as
where q i ∈ R 2 ,q i ∈ R 2 andq i ∈ R 2 are the link position, velocity, and acceleration vectors of the ith follower manipulator. T i ∈ R 2 is the torque or force input, and d i ∈ R 2 is a disturbance torque or force vector of ith follower manipulator. G i (q i ,q i ) is related to centripetal, Coriolis and gravitational torque. Inertia matrix J i (q i ) is symmetric and positive, then the equation in (1) can be rewritten aṡ
When there is no disturbance in (1), d i is zero. So when the manipulators are free of disturbance or the disturbance can be measured, we can design the controller as
and
T where 0 is a suitable dimension matrix with all the elements to be 0 and I is a unit matrix with suitable dimension. 1 and 0 are vectors of size N. Lemma 1 [24] : If undirected graph G is connected, then under algorithm (3), multiple robotic manipulators (2) achieves consensus asymptotically if and only if has exactly two zero eigenvalues and all other eigenvalues have negative real parts. Specifically,
From Lemma 1, it can be known that the consensus state is depended on initial states of N manipulators. So once the initial states are given, the final states of N manipulators are fixed, and cannot be changed. Then N manipulators cannot track or keep consensus with a time varying objective.
In this paper, one leader is introduced which can be the real manipulator or a virtual plant. The leader can generate the desired trajectory which can be described bẏ
where q 0 is the position and v 0 is the desired constant velocity respectively. In the subsequence, we consider N + 1 agents including N manipulator followers and one leader. It should be noted that the leader is a special agent which can only send information to its neighbor (or neighbors) but can not receive the information from any other followers. The communication between N + 1 agents can be described by the graphḠ.Ḡ contains an undirected subgraph G which describes the communication between N followers. Similarly to a ij , we define a i0 > 0 if agent i can receive the information of the leader agent 0, otherwise, a i0 = 0 with i = 1, 2 · · · , N . For simplicity, we rewrite
Lemma 2 [24] : Let L be a Laplacian matrix associated with undirected graph G, then L has a simple zero eigenvalue and the other eigenvalues have positive real parts. In addition, L1 = 0. Furthermore, if the subgraph G inḠ is undirected and connected, then H = L + B is a symmetric positive definite matrix.
Assumption 1: The undirected graph G is connected. Generally speaking, the practical manipulators always suffer from external perturbations, in addition, the disturbances are unmeasurable. So the previously proposed controllers cannot work well when the external disturbances are considered. In order to reject the influence generated by unknown or uncertain disturbances d i without using additional sensors, we design the disturbance observer to estimate d i , i = 1, 2, · · · , N . In general, it is supposed thaṫ d i = 0, that is, the variation of disturbance is slow relatively to the observer dynamics.
In addition, the considered two-link robotic manipulator system (1) is highly nonlinear, so we employ nonlinear disturbance observer (NDO) as proposed by [19] as follows,
and z i is an auxiliary variable satisfyinġ
where
The control objective of this paper is that a NDO-based distributed controller will be proposed to steer followers in (1) to keep consensus with the leader in (5) , that is q i (t) → q 0 (t) and
Theorem 1: Under Assumption 1 and the designed NDO in (6) and (7), a NDO-based control law is proposed as (8) which can force the position and velocity of each robotic manipulator follower (1) to keep consensus with the position and velocity of the leader in (5) respectively, that is, q i (t) → q 0 (t) and v i (t) → v 0 as t → ∞.
Proof: Design the distributed controller for each manipulator follower as follows:
Define the position and velocity consensus error respectively byq
Substituting (9) and (10) into (8), the controller in (8) can be rewritten as
We setq
According to the definition of matrices L and B, the consensus errors in (9) and (10) can be written in vector forms as follows,
where ⊗ is Kronecker product. From (2), the derivative of (12) can be goṫ
The vector form of controller (11) is
2 is a unit matrix of size 2. Setd = d −d and substitute (14) into (13), we can geṫ
and L i (q i , v i ) is further chosen to be a positive and definite matrix. Combining (6), (7) and (16), the derivative ofd can be obtainedḋ
T to be a vector form of error variables. In details, ξ contains the observer errors, position and velocity consensus errors. Then taking the time derivative of ξ along (15) and (17), it can be got thaṫ
Then (18) can be rewritten aṡ
Next, we will prove all the eigenvalues of M (q, v) are negative. The characteristic polynomial of
where det(A) is the determinant of A.
There is a fact that
where A, B, C and D are matrices with proper dimensions. Under the fact (22), we can get (21) is equivalent to
Further, (23) holds if and only if (24),
we get
We know that when AB = BA,
where A, B, C, D ∈ R n×n . Using (27) and (28) to solve (24), we can obtain that
Calculating (29), we can get the following equality
where h i is the eigenvalue of H . According to Lemma 2,
We set γ > 2/h min and h min = min{h
N }, then the quadratic equation
has two different real roots for any i ∈ {1, 2, . . . , N }. Because γ > 0 and h i > 0, the roots of (31) are negative. (31) is equivalent to (24) , so the roots of (24) are negative too.
From the above analyzing, we can easily get all the eigenvalues of (23) are negative. Then the matrix M (q, v) is stable, so ξ in (18) will tend to 0 as time goes to infinity, and we can get
That is,
Hence under the NDO-based controller (8), the leaderfollowing consensus problem of MAS in (1) and (5) can be solved, as time tends to infinity, all consensus errors and observer errors will tend to 0.
IV. SIMULATION
In this section, the multi-manipulator systems are composed of 5 followers and one leader, where every follower is a two-link manipulator shown by Fig.1 . The communication between them is described by Fig.2 , and the corresponding adjacency matrix A, Laplacian matrix L, and diagonal 
Obviously, the subgraph which describes the communication between 5 followers is connected.
The parameters in dynamics equation of two-link robotic manipulator (1) are chosen as the same with [18] , and they are
with
(43)
where l i1 and l i2 are the link lengths of the ith following two-link manipulator; m i1 and m i2 are the masses; g is the gravity acceleration and g = 9.8m/s 2 ;
The tracking target of the multiple manipulators is desired to be as fixed joint displacement q 0 = [π/2, 3π/4]. We take the same parameters and initial values of manipulators as [18] . The external disturbances are considered and given by From Fig.3-Fig.4 , it can be observed that the position and velocity of the ith manipulator are bounded under the designed controller. From Fig.5-Fig.6 , it can be observed that under the designed controller not only the two links' positions of manipulator can keep consensus with the leader respectively, i.e. the position consensus error satisfy that lim t→∞ (q i1 −q 01 ) = 0, lim t→∞ (q i2 − q 02 ) = 0, but also the velocities can keep consensus, and the velocity consensus error satisfies lim 
V. CONCLUSION
This paper considers a leader-following consensus control problem of multiple robotic manipulators with unmeasured external disturbances. First, the DOs are introduced to estimate the unknown disturbances. Then, a distributed DOB consensus controller is proposed for each manipulator, and it not only can propel every manipulator's position into keeping the same with one active leader's position as time goes to infinity, but also can propel every manipulator's velocity into keeping the same with the leader's velocity. It should be noted that the leader-following consensus can be reached, even though only a small fraction of followers can receive leader's information. Furthermore, it is not hard to prove that when the external disturbance can be measured or is zero, the designed DOB consensus controller can also work well just setting the estimation of disturbance to be the measured values or 0. 
